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H. Crapo raised in 1982 the following problem: do all retraction operators on a lattice form 
a lattice with respect to the pointwise order? Here a retraction operator means an order-preserving 
and idempotent map. In the present paper an example will be given to show that the answer to 
the problem is negative, and the existence of the join of two retraction operators will be charac- 
terized in terms of fixed points. 
In 1982, Crapo [l] raised the following problem: if a poset (P, I) is a lattice, is 
Retr(P), the set of all retraction operators on P, still a lattice with respect to the 
pointwise order? We shall give a negative answer to the problem with a counter- 
example and provide a necessary and sufficient condition for the existence of the 
join (or meet) of two retraction operators in terms of fixed points. 
A poset (partially ordered set) is a set P together with a reflexive, antisymmetric, 
transitive binary relation s on P which is called the order of the poset. For 
x,y,z~P, if XIZ, y~z, and zsa for any aeP satisfyingxca and ysa, this z is 
called the join of x and y and is denoted by x/\y. The meet of x and y can be defined 
dually (i.e. I is replaced by L) and is denoted by xVy. (P, 5) is called a lattice when 
each pair of elements of P has the join and the meet. It is obvious that xi y, 
XV y = y, XA y =x are equivalent to each other. 
By an order-preserving map on (P, I) we mean a map f: P-t P such that 
f(x) 5 f(y) whenever XI y for any x, y E P. The set of all order-preserving maps is 
denoted by Horn(P). A map f: P+ P is defined to be idempotent if f 2 =f, i.e. 
f (f (x)) = f (x) for every x E P. An idempotent and order-preserving map on P is cal- 
led a retraction operator on P. Retr(P) designates the set of all retraction operators 
on P. Obviously, Retr(P) G Horn(P). For any f and g in Horn(P) define that f gg 
iff f (x) 5 g(x) for any x E P. It is easy to see that II is an order relation, it is called 
the pointwise order. Thus, (Horn(P), “) and (Retr(P), 4) both are posets. 
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Problem 4 in Crapo’s paper [l] consists of the following two questions. If (P, 5) 
is a complete lattice, is (Retr(P), II) a complete lattice? If (P, 5) is a lattice, is 
(Retr(P), ‘I) a lattice? 
When P is finite, these two questions are the same, since finite lattices must be 
complete. Crapo himself has given an affirmative answer to the question in finite 
cases (see [l , Theorem 31). The author of the present paper has given an affirmative 
answer to the first question for infinite cases [2]. We shall solve the second question 
by giving a counterexample showing that (Retr(P), 9) need not be a lattice in 
infinite cases although (P, ‘I) is a lattice. 
Example. Let 
Q = {(m, n): 0 5 m 5 2, m and n are nonnegative integers}. 
Define the binary relation 5 on Q as follows. For any (m,,n,), (m,,n,) E Q, 
(mI,nI)5(m2,nz) iff 
m, = m2 and rzl i n2; 
or 
m,=l, m, = 0 or 2, n, 5 n2. 
We can verify the reflexivity, the anti-symmetry and the transitivity of the binary 
relation by the definition and show that (Q, 5) is a poset indeed. But the proof is 
omitted. The poset is illustrated in Fig. 1. 
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Fig. 1. (Q, 5). Fig. 2. (P, 5). 
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Now adding a smallest element r to Q, i.e. letting P= Q U {r} and defining r to 
be less than every element in Q, we obtain a new poset in which the order is still 
denoted by 1. This new poset (P, 5) is illustrated in Fig. 2. We can prove by the 
Retraction operators on a lattice 203 
definition that (P, I) is a lattice and its lattice operations are subject to the following 
laws. When two elements are comparable, their join and meet are the greater one 
and the smaller one respectively. When (m,,ni) and (m2,n2) are incomparable, 
Wl,ndvW2,n2> = (Lmaxlwn2)); 
i 
(0,min{n,,n2}) if ml =0 and m2= 1; 
(ml,nl)A(m2,n2) = (2,min{n,,nz}) if m, =2 and m2= 1; 
r if m,=O and m2=2. 
Particularly, for any nonnegative integer n, 
(o,n)v(2,n) = (l,n). 
In the following we show that for this lattice (P, I), (Retr(P), g) is not a lattice. 
Define two maps f and g as follows: 
f(r) = f (230) = f (0,O) = (0, 0), 
f(2,n) =f(l,n-1) =f(O,n) = (0,n) for any n?l; 
g(r) = g(2,O) = g(O,O) = (2, O), 
g(2,n)=g(l,n_l)=g(O,n)=(2,n) for anynrl. 
It is easy to see that they are retraction operators on P. Suppose h is the join of 
f and g in (Retr(P), g). We shall prove by induction that h(r) would be greater than 
every (1, n). This contradiction shows that (Retr(P), “) is not a lattice. 
f a h and g a h imply that 
or 
(0,O) = f(r) 5 h(r) and (2,O) = g(r) 5 h(r), 
(LO) = (O,O)V(2,0) I h(r). 
Therefore, the conclusion holds for n = 0. Assume that the conclusion holds for n, 
namely (l,n)lh(r). Then 
(0, n + 1) = f (1, n) 5 f (h(r)) I h(h(r)) = h2(r) = h(r), 
(2, n + 1) = g(1, n) I g@(r)) I h@(r)) = /+) = h(r). 
Furthermore, 
This shows that the conclusion holds for n + 1. 
Since all retraction operators on a lattice need not be a lattice with respect to 
pointwise order, it is natural to ask which pairs of retraction operators have joins 
or meets. We shall characterize such pairs of retraction operators from the view of 
fixed points. 
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For a map h : P+ P and x E P, x is said to be a fixed point of h if h(x) =x. For 
S c P, x is said to be the smallest fixed point of h in S, if XE S, x is a fixed point 
of h and x<y whenever y is a fixed point of h in S. 
Horn(P) is closed under compositions, but, Retr(P) may not be closed under 
compositions. Clearly, for any x, y E P and f, g E Horn(P), f(x) <g(y) whenever 
xcy andfag; for anyf,g,i,jEHom(P), figgj wheneverfgg and iaj. 
When (P, I) is a lattice, (Horn(P), II) must be a lattice while (Retr(P), “) may 
not be a lattice. For any f, g E Horn(P), their join and meet in (Horn(P), “) are just 
maps hfg and h Js defined in the following way. For any XE P, 
h&G =f(x)vg(x), hLg(x) =f(x)r\g(x). 
Whenf,gERetr(P), hAg and hLg may not belong to Retr(P). If q is the join off 
and g in (Retr(P), g) (i.e. qERetr(P), fl]q, gaq, and q”p for any p~Retr(P) 
suchthatfapandgap),qapandhAg”p are equivalent for anyp E Retr(P). The 
following theorem is our main result which characterizes the existence of the join 
off and g using the properties of the set of fixed points for hAg. 
In the following, for any XE P, 
[x) = {REP: xly} and (x] = {YEP: ysx}. 
Theorem. Let (P, 5) be a lattice and f, ge Retr(P). Then the join off and g in 
(Retr(P), ‘1) exists iff for any XE P, hhg has the smallest fixed point in [hfg(x)). 
Proof. We separate the proof of this theorem into eleven steps, each with its own 
proof. In the proof, f and g both are fixed. To simplify the notation, we write h 
instead of h,r,s. 
We show the necessity first. Let q be the join off and g in (Retr(P), ‘I). 
Step 1. J g a h II q. Proof. Follows directly from definitions. 
Step 2. hgh2. Proof. For anyxEP, Step 1 implies f(x)<h(x) and g(x)<h(x), so 
f(x) = f 2(x) 5 h2(x) and g(x) = g2(x) 5 h*(x). 
Furthermore, h(x) = f (x) Vg(x) I h2(x). 
Step 3. h2q = hq. Proof. hq _a h2q is an immediate consequence of Step 2. Step 
1 implies hq4q2 =q. Then h2qllhq. 
Step 4. qhq =qhqhq. Proof. It follows from Steps 1 and 3 that 
qhq = qh2q = qh3q _a qhqhq 9 qqqhq = qhq. 
Step 5. qhq= q_ Proof. Step 1 implies that 
qhq a qqq = 4. 
On the other hand, Step 4 implies that 
(qhq)2 = qhqqhq = qhqhq = qhq, 
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so qhq E Retr(P); meanwhile, Steps 1 and 2 imply that 
hah2ah3,qhq. 
Since q is the least retraction operator greater than or equal to h, qgqhq. 
Step 6. hq = q. Proof. We have from Step 5 that 
(hq)2 = hqhq = hq. 
This shows that hq E Retr(P). Steps 1 and 2 imply that 
hgh2ghq. 
Since q is the least retraction operator greater than or equal to h, q II hq. On the 
other hand, Step 1 guarantees that 
hqgq2 = q. 
Step 7. qh = q. Proof. It follows from Step 5 that 
(qh)2 = qhqh = qh, 
namely qh E Retr(P). The inequality 
hgh2gqh 
is an immediate consequence of Steps 1 and 2. Since 4 is the least retraction operator 
greater than or equal to h, qQqh. On the other hand, Step 1 implies that 
qhaq2=q. 
Step 8. q(x) is the smallest fixed point of h in [h(x)) for any XE P. Proof. Step 
6 implies that q(x) is a fixed point of h, while Step 1 shows that q(x) is in the interval 
[h(x)). Let a be a fixed point of h in [h(x)). 
In the following, x and a are fixed, we have to show that q(x)sa or a/\q(x) = 
q(x). The difficult aspect of the equality is how to prove that q(x)saAq(x). 
We shall show h(ar\q(x))saAq(x) in (8.3). So, it is enough to prove that 
q(x)5 h(a/\q(x)). This leads us to define a map r: P+ P as follows. 
r(y) = ! h(aAq(y)) if ye& 4(Y) if y$E, 
where E={yeP: h(y)(a). We shall show rERetr(P) in (8.5) and h4r in (8.2). 
They will guarantee q 9 r since q is the least retraction operator greater than or equal 
to h. Then the desired inequality follows since XE E. Now we begin our proof in 
detail. 
(8.1) r is order-preserving. Suppose y, z E P and y 5 z. Since h is order-preserving, 
zeE implies y EE. So, only the following three cases occur: 
Case 1. y EE and ZEE. Note that q and h both are order-preserving. Hence 
4(Y) 5 4(z), aAq(.Y) 5 a/\&z), 4~) I: r(z). 
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Case 2. y $ E and z $ E. In this case, 
r(y) = 4(Y) 5 4(z) = r(z). 
Case 3. y E E and z $ E. In this case, 
a A 4(y) 5 4(y) 5 4(z), 
so by Step 6, 
r(y) = h(aAq(y)) 5 Q(z) = q(z) = r(z). 
(8.2) h g rg q. Let y E P. When y $ E, by Step 1 and the definition of r, 
NY) 5 r(y) = q(y). 
When YEE, h(y)sa. Step 1 guarantees h(y)sq(y), so h(y)<al\q(y)sq(y), 
hence by Steps 2 and 6 
h(y) 5 h2(y) 5 h(aAq(y)) = r(y) 5 k7(y) = q(y). 
(8.3) r(y>saAq(y) for any GEE. For YEE, 
r(y) = h(aAq(y)) 5 h(a) = a, 
and by Step 6, 
so 
r(y) = h(aAq(y)) 5 Nq(y)) = 4(y), 
(8.4) hr=r. Let REP. If y$E, by Step 6, 
hr(y) = hq(y) = q(y) = r(y). 
In the following, assume GEE. By (8.3), r(y)cal\q(y), so 
hr(y) 5 h(aAq(y)) = r(y). 
Meanwhile, by Step 2 
r(Y) = h(aA q(y)) 5 h% Aq(y)) = Iz(h(aA q(y))) = h@(y)) = Wy). 
We have that hr(y) =r(y). 
(8.5) r E Retr(P). According to (8.1), it is enough to show that r is idempotent. 
Let y&E. Then h(y)fa. By Step 1, h(y)sq(y)=r(y). So, r(y)fa, namely 
r(y) $ E. Then 
r*(y) = r(q(y)) = 4(4(y)) = q*(y) = q(y) = r(y). 
Now assume y=E. (8.3) and (8.4) guarantee that 
h(r(y)) = hr(y) = r(y) 2 aAq(Y) 5 a, 
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namely r(y) E E. Meanwhile, by (8.2) and Step 7 
q=qhaqrgqq=q, 
or qr=q. Therefore, 
r2(y) = h(aAq(r(y))) = h(aAq(y)) = r(y). 
(8.6) q(x) I a. Note that q is the join off and g in (Retr(P), g), hence h g r and 
r E Retr(P) guarantee q a r. Since a E [h(x)), h(x) I a or XE E. By (8.3), 
q(x) 5 r(x) = h(ar\ q(x)) I a A q(x) I q(x). 
This shows that aAq(x) = q(x). So q(x) 5 a. 
This completes the proof of the necessity. Next, we show the sufficiency. 
Now, for each XE P, h has the smallest fixed point in [h(x)) which is denoted by 
q(x). Thus we establish a map q: P +P. We shall show that this map q is the join 
off and g in (Retr(P), g). 
Step 9. q is an order-preserving map. Proof. For x, yeP, if xly, then h(x)r 
h(y) or [h(y)) c [h(x)). q(y) is the smallest fixed point of h in [h(y)), therefore a 
fixed point of h in [h(x)). But q(x) is the smallest fixed point off in [h(x)). Conse- 
quently, 4(x) 5 4(y). 
Step 10. q is idempotent, hence q E Retr(P). Proof. For any XE P, by the defini- 
tion of q, q2(x) is the smallest fixed point of h in [h(q(x))). The smallest element 
of [h(q(x))) is h(q(x)) = q(x) which itself is just a fixed point of h. So, q2(x) = q(x). 
Step 11. q is the join of f and g in (Retr(P), g). Proof. The definition of q 
guarantees h II q. We need only show q ‘lp whenever h “p and p E Retr(P). h dp 
implies hpSp2=p, so h2pahp. Note that the conclusion of Step 2 is still true 
now. h II h2 implies hp a h2p. Therefore, h’p =hp. This shows that hp(x) is a fixed 
point of h for any XE P. 
h 4 p implies h II h2 g hp, so h(x) I hp(x). Consequently, hp(x) is a fixed point of 
h in [h(x)). But q(x) is the smallest fixed point of h in [h(x)), hence 
q(x) 5 hP(x) 5 p2(x) = P(X), 
namely q Sp. 
This completes the proof of the sufficiency. q 
Remark 1. The dual of the above theorem holds, i.e. the meet of f and g in 
(Retr(P), 4) exists iff hAg has the greatest fixed point in (hJg(x)] for each XE P. 
So, for a lattice (P, s), (Retr(P), 9) is a lattice iff hAg has the smallest fixed point 
in [hL,(x)) and h Ag has the greatest fixed point in (hAg( for any f,g~ Retr(P) 
and XE P. 
Remark 2. After the theorem we may understand our counterexample in a different 
way. Why do f and g in the example have no join? It is just because hJg has no 
fixed point at all. 
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